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Abstract. For a complex number q and a divisor function σ1(n) we define
moreover we obtain the number of representations of n ∈ N as sum of 24 squares, which are possible for us to deduce
Introduction
Let N, Z, and C denote the sets of positive integers, integers, and complex numbers respectively. For n ∈ N, k ∈ N ∪ {0}, q ∈ C with |q| < 1, we define a divisor function and various infinite product sums :
(1) Proposition 1.1. (See [8] ) Let n (∈ N) be an even positive integer. Then we have (a)
.
So by Proposition 1.1 (c) we can simplify Proposition 1.1 (b) as
On the other hand, for all n ∈ N we have shown that ( 
2) c(n) = d(2n) − 32d(n)
The divisor function and infinite product sums 509 in [11, Theorem 1.1] . And with a 1 , a 2 , · · · , a k ∈ N, k ∈ N, and n ∈ N ∪ {0}, we set R k (a 1 , a 2 , · · · , a k ; n)
Briefly we write (3) as
For example, Jacobi's result [6, § §40-42, p. 159-170] is that for all n ∈ N (4)
and in [13] we can find (5) R 16 (n) = 32 17 σ 7 (n) − 2σ 7 ( n 2 ) + 256σ 7 ( n 4 ) + 16b(n) + 256b( n 2 ) .
Here (please, see (36)) we obtain Let q ∈ C be such that |q| < 1. Then the Eisenstein series L(q), M (q), and N (q) are (6) L(q) = 1 − 24
M (q) = 1 + 240 [14, p. 149] has derived the following identities from the work of Ramanujan [15] : σ 11 (n)q n + 432000 691
L(q)M (q) = 1 + 720
N 2 (q) = 1 + 65520 691
Especially, we refer to
and
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in [7, Lemma 3.4, Lemma 3.6 ]. Now we require the Jacobi theta function ϕ(q) is defined by
so that relating to (3) we can know that
Then we can see that
in [3, (2.6),(2.7)]. In this article, using the definitions of (17) and (18) we deduce the following theorem :
Let q ∈ C with |q| < 1. Then we have
(1 + 2p) And Theorem 1.2 (c) plays an important role to obtain the following theorem :
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2. Preliminaries and some results for Theorem 1.2
And we obtained more simplified identities as follows in [8, (22) ] 
Based on Proposition 2.2 we obtained the following proposition in [12, Theorem 2.1] :
Let us define
Then we have
which expands as
and so
Similarly in [2, p. 505] we can find that
Moreover [1, p. 40] implies that
Therefore by (22) the above identity shows that 
Proof. First from Proposition 2.4 (c) and (e) we have
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Also from Proposition 2.4 (e) and (f) we obtain
Thus by (26) and (27) we can rewrite Proposition 2.4 (c) as
Similarly by (26), (27), and (28), we change Proposition 2.4 (b) as
Furthermore by (26), (27), (28), and (29), we can rewrite Proposition 2.4 (a) as
Second by squaring Proposition 2.2 (a) we can easily know that and so appealing to (26), (27), (28), (29), and (30) we conclude that
(a) From Proposition 2.3 (c) we note that
and so we use (9), Proposition 2.1 (a), (24), and (31). (b) By Proposition 2.3 (e) we have
thus we refer (9), Proposition 2.1 (a), (24), and (31). (c) It is obvious by applying Theorem 2.5 (a) and (b) into (30). (d) By Proposition 2.3 (c) and (e) we can observe that
so we apply (9) Corollary 2.6. Let q ∈ C satisfying |q| < 1. Then we have
Proof. (a) By Proposition 2.2 (b) and (c) we have
and so combining the above identity with (26) we obtain
The divisor function and infinite product sums therefore we use (8) and Corollary 2.6 (a).
Thus we use (12), Proposition 2.1 (c), (d), and (h). (b) From Proposition 2.2 (b) and (26) we note that
L(q 3 ) − 2L(q 6 ) M (q 3 ) − M (q 6 ) = L(q 3 )M (q 3 ) − L(q 3 )M (q 6 ) − 2L(q 6 )M (q 3 ) + 2L(q 6 )M (q 6 ) = − 1 + 2p + 2p 3 + p 4 k 2 · 30 p 3 + 5 2 p 4 + p 5 k 4 = −
Proofs of Theorem 1.2 and Theorem 1.3
We introduce Proposition 3.1 and Proposition 3.2 to deduce Theorem 1.2.
Proof of Theorem 1.2. (a) Now Corollary 2.6 (d) implies that
(1 + 2p)
And by Proposition 2.3 (a) and (b) we obtain
Multiplying (34) and (35) together we have
thus we refer to Proposition 2.1 (i), (j), Proposition 3.1 (a), and (b). (b) From Theorem 1.2 (a) and (35) we can know that 532 Aeran Kim
so we use Proposition 2.1 (k), (l), (21), Proposition 3.1 (c), (d), (e), and (f). (c) In advance by (4) and (5) we can calculate R 24 (n) as
Aeran Kim which can be written as
Thus we apply Proposition 3.2 (a), (b), (c), (d), (e), (f), (g), (h), and (i) so that we can have
Now by (16), (19), (20), and (36) we note that
535
Finally owing to (11) and (13) we can deduce that
and so we apply the above identity to Eq. (37).
Proof. (a) From (9) and (10) we observe that
and so we use Proposition 3.2 (b) and (m). Then we have
Now by (14) and (38) we obtain
similarly, by (15), (38), and (40) we have
Lastly we apply (38), (40), and (41) to Eq. (39). (b) First by (38), (40), and (41) we can rewrite Proposition 3.1 (g) as
Second from Proposition 2.
so that we use Proposition 2.1 (e), (f), Lemma 3.3 (a), and (42). (c) Owing to Proposition 2.1 (a) we note that
therefore we refer to Proposition 2.1 (e) and (42).
Proof of Theorem 1.3. (a) First depending on (38), (40), and (41), Proposition 3.
Now by Proposition 2.1 (k) let us investigate Lemma 3.
also from (1), (6), Proposition 3.2 (k), and (38) we obtain
similarly by (1), (2), (6), Proposition 3.2 (l), and (38) we note that 
Furthermore owing to Proposition 2.1 (k) and Lemma 3.3 (c) we observe that
and so 
where we use Proposition 2.1 (g) for the last line. 
If n is odd then it is obvious that 
